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Abstract. In this paper, the dynamic behavior of an interface crack between two dissimilar functionally graded piezoelec-
tric/piezomagnetic material half infinite planes subjected to the harmonic anti-plane shear stresswaves is investigated. To make
the analysis tractable, it is assumed that the material properties vary exponentially with coordinate vertical to the crack. By
using the Fourier transform technique, the problem can be solved with the help of a pair of dual integral equations in which
the unknown variable is the jump of displacements across the crack surfaces. These equations are solved by using the Schmidt
method. The relations among the electric filed, the magnetic flux field and the dynamic stress field near the crack tips can be
obtained. Numerical examples are provided to show the effect of the functionally graded parameter and the circular frequency
of the incidentwavesupon the stress, the electric displacement and the magnetic flux intensity factors of the crack.
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1. Introduction

The magnetoelectric coupling is a new product property of the composites, since it is absent in each
constituent. In some cases, the coupling effect of piezoelectric/piezomagnetic composites can be even
obtained a hundred times larger than that in single-phase magnetoelectric materials. Consequently,
they are extensively used as magnetic field probes, electric packaging, acoustic, hydrophones, medical
ultrasonic imaging, sensors, and actuators with the capability of magneto-electro-mechanical energy
conversion [1]. The development of piezoelectric/piezomagnetic composites has its roots in the early
work of van Suchtelen [2] who proposed that the combination of piezoelectric-piezomagnetic phases may
exhibit a new material property – the magnetoelectric coupling effect. Since then, the magnetoelectric
coupling effect of BaTiO3-CoFe2O4 composites has been measured by many researchers. Much of
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the theoretical work for the investigation of magnetoelectric coupling effect has only recently been
studied [1,3,5–8]. When subjected to mechanical, magnetic and electrical loads in service, these
magneto-electro-elastic composites can fail prematurely due to some defects, e.g. cracks, holes, etc.
arising during their manufacturing processes. Therefore, it is of great importance to study the magneto-
electro-elastic interaction and fracture behaviors of magneto-electro-elastic composites [9–20]. On
the other hand, the development of functionally graded materials has demonstrated that they have the
potential to reduce the stress concentration and increase of fracture toughness. Consequently, the
concept of functionally graded materials can be extended to the piezoelectric/piezomagnetic materials
to improve the reliability of piezoelectric/piezomagnetic materials and structures. Some application of
functionally graded piezoelectric materials have been made [21,22]. Recently, the fracture problems
of functionally graded piezoelectric materials have been considered in [23–28]. Li and Weng [27] first
considered the static anti-plane problem of a finite crack in functionally graded piezoelectric material
strip. Their results showed that the singular stress and electric displacements in functionally graded
piezoelectric materials carry the same forms as those in the homogeneous piezoelectric materials but
the magnitudes of the intensity factors depend significantly upon the gradient of the functionally graded
piezoelectric materials properties. More recently, Zhou and Wang [29,30] first studied the static ant-
plane problems of two parallel cracks and a crack in functionally graded piezoelectric/piezomagnetic
materials by using Schmidt method [31]. Their results also showed that the singular stress, the singular
electric displacements and the singular magnetic flux in functionally graded piezoelectric/piezomagnetic
materials carry the same forms as those in the homogeneous piezoelectric/piezomagnetic materials but
the magnitudes of the intensity factors depend significantly upon the gradient of the functionally graded
piezoelectric/piezomagnetic materials properties. However, to our knowledge, the dynamic magneto-
electro-elastic behavior of functionally graded piezoelectric/piezomagnetic materials with an interface
crack subjected to the harmonic anti-plane shear stress waves has not been studied. The present work is
an attempt to offer the related information. Here, we give a theoretical solution for this problem.

In this paper, we attempt to extend the concept of functionally graded materials to study the fracture
problem of piezoelectric/piezomagnetic materials. The dynamic magneto-electro-elastic behavior of
a permeable interface crack between two dissimilar functionally graded piezoelectric/piezomagnetic
material half infinite planes subjected to the harmonic anti-plane shear stress waves is investigated using
the Schmidt method [31]. To make the analysis tractable, it is assumed that the material properties
vary exponentially with coordinate vertical to the crack. Fourier transform technique is applied and
a mixed boundary value problem is reduced to a pair of dual integral equations. To solve the dual
integral equations, the jump of displacements across the crack surface is expanded in a series of Jacobi
polynomials. Numerical solutions are obtained for the dynamic stress, the electric displacement and the
magnetic flux intensity factors for permeable crack surface conditions.

2. Formulation of the problem

It is assumed that there is an interface crack of length 2l between two dissimilar functionally graded
piezoelectric/piezomagnetic material half infinite planes as shown in Fig. 1. It is also assumed that
the propagation direction of the harmonic elastic anti-plane shear stress wave is vertical to the crack in
functionally graded piezoelectric/piezomagneticmaterials. Letω be the circular frequency of the incident
wave.w(i)

0 (x, y, t), φ
(i)
0 (x, y, t) andψ

(i)
0 (x, y, t)(i = 1, 2) are the mechanical displacement, the electric

potential and the magnetic potential, respectively.τ
(i)
zk0(x, y, t), D

(i)
k0 (x, y, t) and B

(i)
k0 (x, y, t) (k =
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Fig. 1. An interface crack in functionally graded piezoelectric/piezomagnetic materials.

x, y, i = 1, 2) are the anti-plane shear stress field, in-plane electric displacement field and in-plane
magnetic flux, respectively. Also note that all quantities with superscripti(i = 1, 2) refer to the upper
half plane 1 and the lower half plane 2 as shown in Fig. 1, respectively. Because of the incident wave is
the harmonic anti-plane shear stress waves, all field quantities ofw

(i)
0 (x, y, t), φ

(i)
0 (x, y, t), ψ

(i)
0 (x, y, t),

τ
(i)
zk0(x, y, t), D

(i)
k0 (x, y, t) andB

(i)
k0 (x, y, t) can be assumed to be of the forms as follows

[w(i)
0 (x, y, t), φ

(i)
0 (x, y, t), ψ

(i)
0 (x, y, t), τ

(i)
zk0(x, y, t), D

(i)
k0 (x, y, t), B

(i)
k0 (x, y, t)] =

[w(i)(x, y), φ(i)(x, y), ψ(i)(x, y), τ
(i)
zk (x, y), D

(i)
k (x, y), B

(i)
k (x, y)]e−iωt (1)

In what follows, the time dependence ofe−iωt will be suppressed but understood. The functionally
graded piezoelectric/piezomagnetic materials boundary-value problem for the harmonic anti-plane shear
waves is considerably simplified if we consider only the out-of-plane displacement, the in-plane electric
fields and the in-plane magnetic fields. As discussed in [32,33], since no opening displacement exists for
the present anti-plane problem, the crack surfaces can be assumed to be in perfect contact. Accordingly,
permeable condition will be enforced in the present study, i.e., the electric potential, the magnetic
potential, the normal electric displacement and the magnetic flux are assumed to be continuous across
the crack surfaces. Here, the standard superposition technique is used in the present paper. So the
boundary conditions of the present problem are (In this paper, we just consider the perturbation field.){

τ
(1)
yz (x, 0+) = τ

(2)
yz (x, 0−) = −τ0, |x| ≤ l

τ
(1)
yz (x, 0+) = τ

(2)
yz (x, 0−), w(1)(x, 0+) = w(2)(x, 0−), |x| > l

(2)

{
φ(1)(x, 0+) = φ(2)(x, 0−), D

(1)
y (x, 0+) = D

(2)
y (x, 0−)

ψ(1)(x, 0+) = ψ(2)(x, 0−), B
(1)
y (x, 0+) = B

(2)
y (x, 0−)

, |x| � ∞ (3)




w(1)(x, y) = w(2)(x, y) = 0
φ(1)(x, y) = φ(2)(x, y) = 0
ψ(1)(x, y) = ψ(2)(x, y) = 0

for (x2 + y2)1/2 → ∞ (4)

whereτ0 is a magnitude of the incident wave.
Crack problems in the non-homogeneous piezoelectric/piezomagnetic materials do not appear to be

analytically tractable for arbitrary variations of material properties. Usually, one tries to generate the
forms of non- homogeneities for which the problem becomes tractable. Similar to the treatment of
the crack problem for isotropic non-homogeneous materials in [21–30,34–36], we assume the material
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properties are described by:


c
(1)
44 = c

(1)
440eβ(1)y, e

(1)
15 = e

(1)
150eβ(1)y, ε

(1)
11 = ε

(1)
110eβ(1)y

q
(1)
15 = q

(1)
150eβ(1)y, d

(1)
11 = d

(1)
110eβ(1)y, µ

(1)
11 = µ

(1)
110eβ(1)y, ρ(1)(y) = ρ

(1)
0 eβ(1)y

c
(2)
44 = c

(2)
440eβ(2)y, e

(2)
15 = e

(2)
150eβ(2)y, ε

(2)
11 = ε

(2)
110eβ(2)y

q
(2)
15 = q

(2)
150eβ(2)y, d

(2)
11 = d

(2)
110eβ(2)y, µ

(2)
11 = µ

(2)
110eβ(2)y, ρ(2)(y) = ρ

(2)
0 eβ(2)y

(5)

wherec
(i)
440, e

(i)
150, ε

(i)
110, q

(i)
150, d

(i)
150, µ

(i)
110, ρ

(i)
0 andβ(i)(i = 1, 2) are the shear modulus, the piezoelectric

coefficient, the dielectric parameter, the piezomagnetic coefficient, the magnetioelectric coefficient,
the magnetic permeability, the mass density and the functionally graded parameter of two dissimilar
functionally graded piezoelectric/piezomagnetic material half planes, respectively. Here, the normalized
non-homogeneity constantsβ (i)l(i = 1, 2) are varied between−2 and 2, which covers most of the
practical cases.

The constitutive equations for the mode III crack can be expressed as follows:

τ
(i)
zk = c

(i)
44 w

(i)
,k + e

(i)
15 φ

(i)
,k + q

(i)
15 ψ

(i)
,k , (k = x, y, i = 1, 2) (6)

D
(i)
k = e

(i)
15 w

(i)
,k − ε

(i)
11 φ

(i)
,k − d

(i)
11 ψ

(i)
,k , (k = x, y, i = 1, 2) (7)

B
(i)
k = q

(i)
15 w

(i)
,k − d

(i)
11 φ

(i)
,k − µ

(i)
11 ψ

(i)
,k , (k = x, y, i = 1, 2) (8)

The anti-plane governing equations can be written as follows:

c
(i)
440(∇2w(i) + β(i) ∂w(i)

∂y
) + e

(i)
150(∇2φ(i) + β(i) ∂φ(i)

∂y
) + q

(i)
150(∇2ψ(i) + β(i) ∂ψ(i)

∂y
)

= −ρ
(i)
0 ω2w(i) (9)

e
(i)
150(∇2w(i) + β(i) ∂w(i)

∂y
) − ε

(i)
110(∇2φ(i) + β(i) ∂φ(i)

∂y
) − d

(i)
110(∇2ψ(i) + β(i) ∂ψ(i)

∂y
) = 0 (10)

q
(i)
150(∇2w(i) + β(i) ∂w(i)

∂y
) − d

(i)
110(∇2φ(i) + β(i) ∂φ(i)

∂y
) − µ

(i)
110(∇2ψ(i) + β(i) ∂ψ(i)

∂y
) = 0 (11)

where−ρ
(i)
0 ω2w(i)(x, y)e−iωt = ρ

(i)
0

∂2w
(i)
0 (x,y,t)

∂t2
= ρ

(i)
0

∂2(w(i)(x,y)e−iωt)
∂t2

and∇2 = ∂2/∂x2 + ∂2/∂y2 is
the two dimensional Laplace operator.

3. Solutions

Because of the assumed symmetry in geometry and loading, it is sufficient to consider the problem
for 0 � x < ∞, −∞ � y < ∞ only. The system of above governing Eqs (9)–(11) is solved using the
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Fourier integral transform technique to obtain the general expressions for the displacement components,
the electric potentials and the magnetic potentials as follows:


w(1)(x, y) = 2

π

∫ ∞
0 A1(s)e−γ

(1)
1 y cos(sx)ds

φ(1)(x, y) = a
(1)
0 w(1)(x, y) + 2

π

∫ ∞
0 B1(s)e−γ

(1)
2 y cos(sx)ds

ψ(1)(x, y) = a
(1)
1 w(1)(x, y) + 2

π

∫ ∞
0 C1(s)e−γ

(1)
2 y cos(sx)ds

, (y � 0) (12)




w(2)(x, y) = 2
π

∫ ∞
0 A2(s)eγ

(2)
1 y cos(sx)ds

φ(2)(x, y) = a
(2)
0 w(2)(x, y) + 2

π

∫ ∞
0 B2(s)eγ

(2)
2 y cos(sx)ds

ψ(2)(x, y) = a
(2)
1 w(2)(x, y) + 2

π

∫ ∞
0 C2(s)eγ

(2)
2 y cos(sx)ds

, (y � 0) (13)

whereA1(s), B1(s), C1(s), A2(s), B2(s) andC2(s) are unknown functions,

γ
(1)
1 =

β(1) +
√

β(1)2 + 4[s2 − ω2/c2
1]

2
, γ

(1)
2 =

β(1) +
√

β(1)2 + 4s2

2
, c1 =

√
µ

(1)
0 /ρ

(1)
0 ,

µ
(1)
0 = c

(1)
440 + a

(1)
0 e

(1)
150 + a

(1)
1 q

(1)
150, a

(1)
0 =

µ
(1)
110e

(1)
150 − d

(1)
110q

(1)
150

ε
(1)
110µ

(1)
110 − d

(1)2
110

, a
(1)
1 =

q
(1)
150ε

(1)
110 − d

(1)
110e

(1)
150

ε
(1)
110µ

(1)
110 − d

(1)2
110

,

γ
(2)
1 =

β(2) +
√

β(2)2 + 4[s2 − ω2/c2
2]

2
, γ

(2)
2 =

β(2) +
√

β(2)2 + 4s2

2
, c2 =

√
µ

(2)
0 /ρ

(2)
0 ,

µ
(2)
0 = c

(2)
440 + a

(2)
0 e

(2)
150 + a

(2)
1 q

(2)
150, a

(2)
0 =

µ
(2)
110e

(2)
150 − d

(2)
110q

(2)
150

ε
(2)
110µ

(2)
110 − d

(2)2
110

, a
(2)
1 =

q
(2)
150ε

(2)
110 − d

(2)
110e

(2)
150

ε
(2)
110µ

(2)
110 − d

(2)2

110

.

So from Eqs (6)–(8), we have

τ (1)
yz (x, y) = −2eβ(1)y

π

∫ ∞

0
{µ

(1)
0 γ

(1)
1 A1(s)e−γ

(1)
1 y + γ

(1)
2 [e(1)

150B1(s)

+q
(1)
150C1(s)]e−γ

(1)
2 y} cos(sx)ds (14)

D(1)
y (x, y) =

2eβ(1)y

π

∫ ∞

0
γ

(1)
2 [ε(1)

110B1(s) + d
(1)
110C1(s)]e−γ

(1)
2 y cos(sx)ds (15)

B(1)
y (x, y) =

2eβ(1)y

π

∫ ∞

0
γ

(1)
2 [d(1)

110B1(s) + µ
(1)
110C1(s)]eγ

(1)
2 y cos(sx)ds (16)

τ (2)
yz (x, y) =

2eβ(2)y

π

∫ ∞

0
{µ

(2)
0 γ

(2)
1 A2(s)eγ

(2)
1 y + γ

(2)
2 [e(2)

150B2(s)

+q
(2)
150C2(s)]eγ

(2)
2 y} cos(sx)ds (17)
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D(2)
y (x, y) = −2eβ(2)y

π

∫ ∞

0
γ

(2)
2 [ε(2)

110B2(s) + d
(2)
110C2(s)]eγ

(2)
2 y cos(sx)ds (18)

B(2)
y (x, y) = −2eβ(2)y

π

∫ ∞

0
γ

(2)
2 [d(2)

110B2(s) + µ
(2)
110C2(s)]eγ

(2)
2 y cos(sx)ds (19)

To solve the problem, the jump of displacements across the crack surfaces is defined as follows:

f(x) = w(1)(x, 0+) − w(2)(x, 0−) (20)

Substituting Eqs (12)–(13) into Eq. (20), and applying the Fourier transform and the boundary conditions
(3), it can be obtained

f̄(s) = A1(s) − A2(s) (21)

a
(1)
0 A1(s) − a

(2)
0 A2(s) + B1(s) − B2(s) = 0 (22)

a
(1)
1 A1(s) − a

(2)
1 A2(s) + C1(s) − C2(s) = 0 (23)

A superposed bar indicates the Fourier transform throughout the paper. Substituting Eqs (14)–(19) into
the boundary conditions (2)–(4), we have

µ
(1)
0 γ

(1)
1 A1(s) + γ

(1)
2 [e(1)

150B1(s) + q
(1)
150C1(s)] + µ

(2)
0 γ

(2)
1 A2(s)

+γ
(2)
2 [e(2)

150B2(s) + q
(2)
150C2(s)] = 0 (24)

γ
(1)
2 [ε(1)

110B1(s) + d
(1)
110C1(s)] + γ

(2)
2 [ε(2)

110B2(s) + d
(2)
110C2(s)] = 0 (25)

γ
(1)
2 [d(1)

110B1(s) + µ
(1)
110C1(s)] + γ

(2)
2 [d(2)

110B2(s) + µ
(2)
110C2(s)] = 0 (26)

By solving six Eqs (21)–(26) with six unknown functions and substituting the solutions into Eqs (14)–(16)
and applying the boundary conditions (2)–(3), it can be given:

2
π

∫ ∞

0
f̄(s) cos(sx)ds = 0, x > l (27)

2
π

∫ ∞

0
g1(s)f̄(s) cos(sx)ds = −τ0, 0 � x � l (28)

whereg1(s) is a known function (see Appendix).lim
s→∞ g1(s)/s = β1. β1 is a constant which depends on

the properties of the materials (see Appendix). However,β1 is independent of the functionally graded
parametersβ(1) andβ(2). When the properties of the upper and the lower half planes are continuous
along the crack line,β1 = −c

(1)
440/2. The above a pair of dual integral Eqs (27)–(28) must be solved to

determine the unknown function̄f(s).
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4. Solution of the dual integral equations

The Schmidt method [31] is used to solve the dual integral equations. The jump of displacements
across the crack surfaces is represented by the following series:

f(x) =
∞∑

n=1

bnP
( 1
2
, 1
2
)

2n−2 (
x

l
)(1 − x2

l2
)

1
2 , for]0 � x � l (29)

f(x) = w(1)(x, 0) − w(2)(x, 0) = 0, for x > l (30)

wherebn are unknown coefficients to be determined andP
( 1

2
, 1
2)

n (x) is a Jacobi polynomial [37]. The
Fourier transforms of Eqs (29)–(30) are [38]

f̄(s) =
∞∑

n=1

bnGn
1
s

J2n−1(sl), Gn = 2
√

π(−1)n−1 Γ(2n − 1
2)

(2n − 2)!
(31)

whereΓ(x) andJn(x) are the Gamma and Bessel functions, respectively.
Substituting Eq. (31) into Eqs (27)–(28), Eq. (27) has been automatically satisfied. After integration

with respect tox in [0, x], Eq. (28) reduces to

2
π

∞∑
n=1

bnGn

∫ ∞

0

1
s2

g1(s)J2n−1(sl) sin(sx)ds = −τ0x, 0 � x � l (32)

From the following relationship [37]

∫ ∞

0

1
s

Jn(sa) sin(bs)ds =




sin[n sin−1(b/a)]
n , a > b

an sin(nπ/2)

n[b+
√

b2−a2]n
, b > a

(33)

the semi-infinite integral in Eq. (32) can be modified as:∫ ∞

0

1
s

[
β1 + (

g1(s)
s

− β1)
]
J2n−1(sl) sin(sx)ds =

β1

2n − 1
sin

[
(2n − 1) sin−1(

x

l
)
]

+
∫ ∞

0

1
s

g1(s) − β1s

s
J2n−1(sl) sin(sx)ds (34)

It can be seen that the integrands of the semi-infinite integrals in the right end of Eq. (34) tend rapidly
to zero. Thus the semi-infinite integral in Eq. (34) can be numerical evaluated easily. Equation (32) can
now be solved for the coefficientsbn by the Schmidt method [31]. For brevity, Eq. (32) can be rewritten
as follows:

∞∑
n=1

bnEn(x) = U(x), 0 � x � l (35)

whereEn(x) andU(x) are known functions and the coefficientsbn are to be determined. A set of
functionsPn(x) which satisfy the orthogonality condition∫ l

0
Pm(x)Pn(x)dx = Nnδmn, Nn =

∫ l

0
P 2

n(x)dx (36)



124 Z.-G. Zhou and B. Wang / An interface crack between two dissimilar functionally graded

can be constructed from the functionEn(x), such that

Pn(x) =
n∑

i=1

Min

Mnn
Ei(x) (37)

whereMij is the cofactor of the elementdij of Dn, which is defined as

Dn =




d11, d12, d13, . . . , d1n

d21, d22, d23, . . . , d2n

d31, d32, d33, . . . , d3n

. . .

. . .

. . .
dn1, dn2, dn3, . . . , dnn




, dij =
∫ l

0
Ei(x)Ej(x)dx (38)

Using Eqs (35)–(38), we obtain

bn =
∞∑

j=n

qj
Mnj

Mjj
with qj =

1
Nj

∫ l

0
U(x)Pj(x)dx (39)

5. Intensity factors

The coefficientsbn are known, so that the entire perturbation stress field, the perturbation electric
displacement field and the magnetic flux can be obtained. However, in fracture mechanics, it is of
importance to determine the perturbation stressτ

(1)
yz , the perturbation electric displacementD

(1)
y and the

magnetic fluxB(1)
y in the vicinity of the crack tips. In the case of the present study,τ

(1)
yz , D

(1)
y andB

(1)
y

along the crack line can be expressed respectively as

τ (1)
yz (x, 0) =

2
π

∞∑
n=1

bnGn

∫ ∞

0

1
s

g1(s)J2n−1(sl) cos(xs)ds

=
2β1

π

∞∑
n=1

bnGn

∫ ∞

0
J2n−1(sl) cos(xs)ds

+
2
π

∞∑
n=1

bnGn

∫ ∞

0

[
1
s

g1(s) − β1

]
J2n−1(sl) cos(xs)ds (40)

D(1)
y (x, 0) =

2
π

∞∑
n=1

bnGn

∫ ∞

0

g2(s)
s

J2n−1(sl) cos(xs)ds

=
2β2

π

∞∑
n=1

bnGn

∫ ∞

0
J2n−1(sl) cos(xs)ds

+
2
π

∞∑
n=1

bnGn

∫ ∞

0

[
1
s

g2(s) − β2

]
J2n−1(sl) cos(xs)ds (41)
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B(1)
y (x, 0) =

2
π

∞∑
n=1

bnGn

∫ ∞

0

g3(s)
s

J2n−1(sl) cos(xs)ds

=
2β3

π

∞∑
n=1

bnGn

∫ ∞

0
J2n−1(sl) cos(xs)ds

+
2
π

∞∑
n=1

bnGn

∫ ∞

0

[
1
s

g3(s) − β3

]
J2n−1(sl) cos(xs)ds (42)

whereg2(s) andg3(s) are known functions (see Appendix).lim
s→∞ g2(s)/s = β2. lim

s→∞ g3(s)/s = β3.

Whereβ2 andβ3 are two constants which depend on the properties of the materials (see Appendix). When
the properties of the upper and the lower half planes are continuous along the crack line,β 2 = −e

(1)
150/2

andβ3 = −q
(1)
150/2.

From the following relationship [37]

∫ ∞

0
Jn(sa) cos(bs)ds =




cos[n sin−1(b/a)]√
a2−b2

, a > b

− an sin(nπ/2)√
b2−a2[b+

√
b2−a2]n

, b > a
(43)

the singular parts of the stress field, the electric displacement and the magnetic flux near the crack tips
in Eqs (40)–(42) can be expressed, respectively, as follows (x > l):

τ = −2β1

π

∞∑
n=1

bnGnHn(x) (44)

D = −2β2

π

∞∑
n=1

bnGnHn(x) (45)

B = −2β3

π

∞∑
n=1

bnGnHn(x) (46)

whereHn(x) = (−1)n−1l2n−1√
x2−l2[x+

√
x2−l2]2n−1

.

The stress intensity factorK, the electric displacement intensity factorK D and the magnetic flux
intensity factorKB can be expressed, respectively, as follows:

K = lim
x→l+

√
2(x − l) · τ = − 4β1√

πl

∞∑
n=1

bn
Γ(2n − 1

2)
(2n − 2)!

(47)

KD = lim
x→l+

√
2(x − l) · D = − 4β2√

πl

∞∑
n=1

bn
Γ(2n − 1

2 )
(2n − 2)!

=
β2

β1
K (48)

KB = lim
x→l+

√
2(x − l) · B = − 4β3√

πl

∞∑
n=1

bn
Γ(2n − 1

2)
(2n − 2)!

=
β3

β1
K (49)
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Fig. 2. The stress intensity factor versusωl/c1 for l = 1.0, β(1)l = 0.2 andβ(2)l = 0.3 (Material-I/Material-II).
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Fig. 3. The electric displacement intensity factor versusωl/c1 for l = 1.0, β(1)l = 0.2 andβ(2)l = 0.3 (Material-I/Material-II).

6. Numerical calculations and discussion

From works [29–31], it can be seen that the Schmidt method performs satisfy if the first ten terms of
the infinite series Eq. (35) are retained. At−l � x � l, y = 0, it can be obtained thatτ (1)

yz /τ0 is very
close to negative unity. Hence, the solution of present paper can also be proved to satisfy the boundary
conditions (1). In all computations, according to [9,10,17], the constants of materials-I are assumed to
be thatc(1)

440 = 44.0 (GPa),e(1)
150 = 5.8 (C/m2), ε

(1)
110 = 5.64 × 10−9 (C2/Nm2), q

(1)
150 = 275.0 (N/Am),

d
(1)
110 = 0.005×10−9 (Ns/VC),µ(1)

110 = −297.0×10−6 (Ns2/C2), ρ
(1)
0 = 1500 kg/m3 and the constants of

materials-II are assumed to be thatc
(2)
440 = 34.0 (GPa),e(2)

150 = 4.8 (C/m2), ε
(2)
110 = 4.64×10−9 (C2/Nm2),

q
(2)
150 = 195.0 (N/Am), d

(2)
110 = 0.004 × 10−9 (Ns/VC), µ

(2)
110 = −201.0 × 10−6 (Ns2/C2), ρ

(2)
0 =

1000 kg/m3. The results of the present paper are shown in Figs 2–12. From the results, the following
observations are very significant:

(i) From the results, it can be shown that the singular stress, electric displacements and the magnetic
flux in functionally graded piezoelectric/piezomagnetic materials carry the same forms as those
in the homogeneous piezoelectric/piezomagnetic materials or in the homogeneous piezoelectric
materials but the magnitudes of the intensity factors depend significantly upon the gradient of the
functionally graded piezoelectric/piezomagnetic materials properties as discussed in [27–30].
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Fig. 4. The magnetic flux intensity factor versusωl/c1 for l = 1.0, β(1)l = 0.2 andβ(2)l = 0.3 (Material-I/Material-II).

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.3

0.6

0.9

1.2

1/l cω

Fig. 5. The stress intensity factor versusωl/c1 for l = 1.0, β(1)l = 0.4 andβ(2)l = 0.3 (Material-I/Material-I).

(ii) The electro-magneto-elastic coupling effects can be obtained as shown in Eqs (47)–(49). For
the electric displacement and the magnetic flux intensity factors, they have the same changing
tendency as the stress intensity factor as shown in Figs 2–4. This might be due to the linearity of the
fracture problem. However, the amplitude values of the electric displacement filed, the magnetic
flux field and the stress field are different. The amplitude values of the electric displacement
and the magnetic flux fields are very small as shown in Figs 3 and 4. The results of the electric
displacement and the magnetic flux intensity factors can be directly obtained form the results of
the stress intensity factors through Eqs (47)–(49). This means that an applied mechanical load
alone can produce the electric displacement and magnetic flux singularities. The results of the
electric displacement and the magnetic flux intensity factors of the other cases have been omitted
in the present paper.

(iii) The stress, the electric displacement and the magnetic flux intensity factors of crack in the
functionally graded materials increase with the increase of the incident wave frequency until
reaching a peak and then to decrease in magnitude as shown in Figs 2–6. When the material
properties of the upper half plane and the lower half plane alone the crack line are continuous,
it can be got the same conclusion as shown in Figs 5–6. In this case, the results are very close
to one another showing a weak dependency on the value ofβ (2)l. It can be also obtained that
this conclusion is the same as the dynamic anti-plane shear fracture problem in the isotropic
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Fig. 6. The stress intensity factor versusωl/c1 for l = 1.0, β(1)l = 0.4 andβ(2)l = 0.0 (Material-I/Material-I).
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Fig. 7. The stress intensity factor versusβ(1)l for l = 1.0, ωl/c1 = 0.3 andβ(2)l = 0.3 (Material-I/Material-II).
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Fig. 8. The stress intensity factor versusβ(2)l for l = 1.0, ωl/c1 = 0.3 andβ(1)l = 0.4 (Material-I/Material-II).

homogeneous materials as shown in Figs 5–6. From the results, it can be concluded that the
stress, the electric displacement and the magnetic fields near the crack tips can be deduced by
adjusting the frequency of incident waves in engineering practices.

(iv) The stress intensity factors decrease with the increase in the functionally graded parametersβ (i)l
(i = 1, 2) as shown in Figs 7–12. Form the results as shown in Figs 7–12, it can be obtained that
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Fig. 9. The stress intensity factor versusβ(1)l for l = 1.0, ωl/c1 = 0.3 andβ(2)l = β(1)l (Material-I/Material-II).
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Fig. 10. The stress intensity factor versusβ(1)l for l = 1.0, ωl/c1 = 0.3 andβ(2)l = 0.3 (Material-I/Material-I).
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Fig. 11. The stress intensity factor versusβ(1)l for l = 1.0, ωl/c1 = 0.3 andβ(2)l = 0.0 (Material-I/Material-I).

the stress intensity factors have a similar changing tendency with the variation ofβ (1)l or β(2)l.
When the material properties of the upper half plane and the lower half plane alone the crack line
are continuous, it can be got the same conclusion as shown in Figs 10–12. This means that, by
adjusting the functionally graded parameters, the dynamic stress fields near the crack tips can be
reduced.
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Fig. 12. The stress intensity factor versusβ(2)l for l = 1.0, ωl/c1 = 0.3 andβ(1)l = 0.4 (Material-I/Material-I).

(v) The solution of the present paper can revert to the one of the problem which the material properties
of the upper half plane and the lower half plane alone the crack line are continuous as shown in
Figs 5–6 and Figs 10–12.
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Appendix

The functions ofg1(s), g2(s) andg3(s) can be obtained by the operation of the follow matrixes.

[X1] =




1 0 0
a

(1)
0 1 0

a
(1)
1 0 1


 , [X2] =



−1 0 0
−a

(2)
0 −1 0

−a
(2)
1 0 −1


 , [X3] =


µ

(1)
0 γ

(1)
1 γ

(1)
2 e

(1)
150 γ

(1)
2 q

(1)
150

0 γ
(1)
2 ε

(1)
110 γ

(1)
2 d

(1)
110

0 γ
(1)
2 d

(1)
110 γ

(1)
2 µ

(1)
110


 ,

[X4] =


µ

(2)
0 γ

(2)
1 γ

(2)
2 e

(2)
150 γ

(2)
2 q

(2)
150

0 γ
(2)
2 ε

(2)
110 γ

(2)
2 d

(2)
110

0 γ
(2)
2 d

(2)
110 γ

(2)
2 µ

(2)
110


 , [X5] = [X1] − [X2] [X4]

−1 [X3] ,

[X6] =


−µ

(1)
0 γ

(1)
1 −γ

(1)
2 e

(1)
150 −γ

(1)
2 q

(1)
150

0 γ
(1)
2 ε

(1)
110 γ

(1)
2 d

(1)
110

0 γ
(1)
2 d

(1)
110 γ

(1)
2 µ

(1)
110


 , [X7] =


x11(s) x12(s) x13(s)

x21(s) x22(s) x23(s)
x31(s) x32(s) x33(s)


 = [X6] [X5]

−1 .

g1(s) = x11(s), g2(s) = x21(s), g3(s) = x31(s).
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The constants ofβ1, β2 andβ3 can be obtained by the operation of the follow matrixes.

[Y3] =


µ

(1)
0 e

(1)
150 q

(1)
150

0 ε
(1)
110 d

(1)
110

0 d
(1)
110 µ

(1)
110


 , [Y4] =


µ

(2)
0 e

(2)
150 q

(2)
150

0 ε
(2)
110 d

(2)
110

0 d
(2)
110 µ

(2)
110


 ,

[Y5] = [X1] − [X2] [Y4]
−1 [Y3] , [Y6] =


−µ

(1)
0 −e

(1)
150 −q

(1)
150

0 ε
(1)
110 d

(1)
110

0 d
(1)
110 µ

(1)
110


 ,

[Y7] =


y11 y12 y13

y21 y22 y23

y31 y32 y33


 = [Y6] [Y5]

−1 , β1 = y11, β2 = y21, β3 = y31.
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